A genuine variational principle developed by Gyarmati, in the field of thermodynamics of irreversible processes unifying the theoretical requirements of technical, environmental and biological sciences is employed to study the effects of viscous dissipation and stress work on MHD forced convection flow adjacent to a non-isothermal wedge. The velocity and temperature distributions inside the boundary layer are considered as simple polynomial functions and the variational principle is formulated. The Euler-Lagrange equations are reduced to simple polynomial equations in terms of boundary layer thicknesses. The values of skin friction coefficient and the Nusselt number are presented for various values of wedge angle parameter m, wall temperature exponent 2m, magnetic parameter ξ, Prandtl number (P r) and Eckert number (Ec). The present results are compared with known available results and the comparison is found to be satisfactory and the present study establishes the fact that the accuracy is remarkable.
Introduction
The problem of magnetohydrodynamic (MHD) incompressible, steady viscous flow has many important practical engineering applications in areas such as MHD power generator designs, design for cooling of nuclear reactors, construction of heat exchangers, installation of nuclear accelerators and blood flow measurement techniques. Magnetohydrodynamic forced convection flow over a wedge is of considerable interest to the technical field due to its frequent role in industrial and technological applications.
According to the boundary layer theory, the velocity increases from 0 at the wall surface to the free stream velocity at the edge of the boundary layer and thus velocity gradient may be appreciable even if the viscosity is very small. Analyzing the shear stress and heat transfer is one of the most important objectives in the solution of the boundary layer equations. The governing equations of boundary layer flow become nonsimilar due to the presence of a magnetic field or variable fluid properties. The boundary layer flow of a laminar incompressible electrically conducting fluid over a wedge in the presence of transverse magnetic field has been investigated by many researchers.
Watanabe [14, 15] reduced the momentum partial differential equation to ordinary differential equation by employing difference-differential method and obtained solution in a form of integral equation. The solution for the heat transfer of an electrically conducting fluid over a semi-infinite flat plate in the presence of a transverse magnetic field was studied by Watanabe and Pop [18] by means of difference-differential method. The problems of stagnation point and asymmetric flow were investigated by Raptis [11] and Chamkha [1] . Watanabe [15] analyzed the magnetohydrodynamic boundary layer flow along a wedge and he has not considered the energy equation. Hossain [8] treated the viscous and joule heating effects on MHD free convection flow with variable plate temperature. Watanabe and Pop [17] solved the MHD free convection flow over a wedge in the presence of a transverse magnetic field. Yih [19] presented an analysis of forced convection boundary layer flow over a wedge with uniform suction and blowing whereas Watanabe [16] investigated the behaviour of the boundary layer over a wedge with suction/injection in forced flow.
Yih [20] extended the work of Watanabe and Pop [18] to investigate the heat transfer characteristic in MHD forced convection flow adjacent to a non-isothermal wedge in the presence of transverse magnetic field. An approximate numerical solution for thermal stratification on MHD steady laminar boundary layer flow over a wedge with suction or injection was investigated by Anjalidevi [2] . The MHD boundary layer flow over a flat plate for two cases, a uniform free stream velocity and a uniform hydrostatic pressure was investigated by Sam Lawrence and Nageswara Rao [12] . Lin and Lin [7] proposed a similarity solution method that provides accurate solutions for laminar forced convection heat transfer for either an isothermal surface or a uniform flux boundary to fluid of any Prandtl number. Chamkha [1] studied steady two dimensional mixed convection flows of an electrically conducting and heat absorbing fluid near stagnation point on a semi infinite vertical permeable surface at arbitrary surface heat flux variations in the presence of a magnetic field. Motivated by the work of the above mentioned authors, the effect of viscous dissipation and stress work on the MHD boundary layer flow over a wedge are analyzed here.
2 The formulation of governing principle of dissipative processes (GPDP)
With the help of boundary layer approximations for the conservation equations of mass, momentum and energy for steady, two dimensional, laminar flow, with constant physical properties with viscous dissipation effects are
(energy) (3) where subscript indicates partial differentiation, u, v, T , U ∞ , T ∞ , B 0 and C p represent the velocity component in x-direction, velocity component in y-direction, temperature inside the boundary layer, free stream velocity and the free stream temperature, externally imposed magnetic field in the y-direction and specific heat at constant pressure respectively. The symbols ν, α, ρ, κ represent kinematic viscosity, thermal diffusivity, density and electrical conductivity of the fluid respectively. The initial and boundary conditions of the system are
   where m = β/(2 − β), is the Hartree pressure gradient parameter which corresponds to β = Ω/π for a total angle of the wedge. The surface of the wedge is maintained at a variable wall temperature proportional to x . In equations(4),
A and C are positive numbers. In this study, the induced magnetic field and the Hall effect are neglected. Gyarmati [5, 6] introduced a genuine variational principle called the "Governing Principle of Dissipative Processes" (GPDP) which is given in its universal form
The principle (5) is valid for linear, quasi-linear and certain types of non-linear transport processes at any instant of time under constraints that the balance equations
are satisfied. In equation (5), σ is the entropy production, Ψ and Φ are dissipation potentials and V is the total volume of the thermodynamic system. In equation (6), → J i is the flux and σ i is the source density of i th extensive transport quantity a i . σ can always be written in the bilinear form
where → J i and → X i are fluxes and forces respectively. According to Onsager's linear theory [9, 10] the fluxes are linear functions, that is
or alternatively
The constants L ik and R ik are conductivities and resistances and they satisfy the reciprocal relations [9, 10] 
The matrices of L ik and R ik are mutual reciprocals. That is
where δ ik is the Kronecker delta. The local dissipation potentials Ψ and Φ are defined as [9, 10] Ψ(
Since in the case of transport processes → X i can be generated as gradients of certain "Γ" variables, it is written as
The principle (5) with the help of equations (7), (10), (12), (13) and (14), takes the form
(14) The principle (5) is also given in energy picture as [6] 
Here Tσ is the energy dissipation and the dissipation potentials Ψ * and Φ * are given by
It is found that GPDP in energy picture given by equation (16) is always advantageous for dealing with thermohydrodynamic systems. This variational principle has already been applied for various dissipative systems and was established as the most general and exact principle of macroscopic continuum physics. For the description of viscous flow systems, Vincze [13] used the GPDP to derive the equation of thermohydrodynamics. Many other variational principles have already been shown as partial forms of Gyarmati's principle. The balance equations of the system play a central role in the formulation of Gyarmati's variational principle and hence the governing equations (1)- (3) are written in the balance form as
ρ(
These equations represent the mass, momentum and energy balances respectively. In equation(19) P denotes the pressure tensor which can be decomposed as [5] P = p δ+
where p is the hydrostaticpressure, δ is the unit tensor, and
• P vs is the symmetrical part of the viscous pressure tensor, whose trace is zero. In the study of heat transfer and fluid problems, the energy picture of Gyarmati's principle is always advantageous over entropy picture. Therefore, we use the energy dissipation T σ instead of entropy production σ. In the energy picture (16), the energy dissipation for the present system is given by [5] 
the heat flux J q and P 12 the only component of momentum flux
• P vs , satisfy the conservative relations connecting the independent fluxes and forces as
Here L λ = λT and L s = µ where λ and µ are the thermal conductivity and viscosity respectively. It is well known that lnT is the proper state variable instead of T when the principle assumes energy picture [5] . With the help of equation (23) the dissipation potentials in the energy picture are found as follows.
where
s . Using the equations (22), (23), (24) and (25) Gyarmati's variational principle in the energy picture (16) is formulated in the following form
in which l is the representative length of the surface.
Solution procedure
It is considered that the system of two dimensional MHD laminar, inviscid potential flow past an unlimited wedge placed symmetrically in a stream with apex at the origin where x and y are coordinates measured along and normal to the surface respectively. The main stream velocity and the wall temperature are assumed to vary as power functions of distance from the start of the boundary layer respectively as
where C and A are constants and the exponent m is connected with the apex angle πβ by the relation
In equation (27), T 0 is the temperature of the surface and T ∞ is the free stream temperature respectively. Here the analysis is carried out for the entire range of realistic flow, that means when 0 ≤ m < ∞ or 0 ≤ β < 2. The velocity and temperature fields in their respective boundary layer regions are suitably described by the following functions
Where d 1 and d 2 are the momentum and thermal boundary layer thicknesses respectively. The velocity and thermal profiles (29) satisfy the following compatibility conditions
The smooth fit boundary conditions u y = 0 and T y = 0 correspond to P 12 = 0 and J q = 0 at the respective edges of the boundary layers. Here d 1 and d 2 are unknown parameters and they are to be determined by the present thermodynamic analysis. The transverse velocity component v is obtained from the mass balance equation(1) as
The velocity and temperature functions (29) are substituted in the momentum and energy balance equations (1)- (3), and on direct integration with respect to y with the help of smooth fit boundary conditions the fluxes P 12 and J q are obtained respectively. The expression for P 12 remains the same for any Prandtl number P r. But the energy flux J q assumes different expression for P r ≤ 1 andP r ≥ 1 respectively. When P r ≤ 1 the expression for J q in the range d 1 ≤ y ≤ d 2 is obtained first and the expression for J q in the range 0 ≤ y ≤ d 1 is determined subsequently by matching the J q expressions of the two regions at the interface. The expressions for momentum and energy fluxes P 12 and J q are as follows. The prime indicates the differentiation with respect to x. Using the expressions of P 12 and J q along with the velocity and temperature functions(29) the variational principle (26) is formulated independently for P r ≤ 1 and P r ≥ 1 respectively. After performing the integration with respect to y one can obtain the variational principle in the following forms respectively
The variational principles (36) and (37) are found identical when
Accordingly, the Euler-Lagrange equations are
and
The equations (38) and (39) 
The variational principles (36) and (37) subject to transformations (40) and the resulting Euler-Lagrange equations are obtained as simple polynomial equations
The coefficients of these equations (41) and (42) depend on the independent parameters P r, m and ξ and Ec, where 
Results and discussions
The main results of engineering interest are skin friction(shear stress) and wall heat transfer(Nusselt Number) and hence these two important characteristics of the problem are analyzed here. Tables 1 and 2 represent the values of skin friction for various values of m when ξ=0 and for various values of ξ when m=1 respectively. In order to verify the accuracy of the obtained results by using the present technique, the obtained numerical results are compared with Cebeci and Bradshaw [4] , Arial [3] , Lin and Lin [7] and Yih [20] . As given in Table 1 , it is evidently observed that when the values of m increase, the values of skin friction also increase. When the wedge becomes a flat plate (m=0) the surface skin friction value is very small and low. While the wedge angle becomes large the values of skin friction also increase rapidly. This circumstance remains the same for any given value of m. When m=1 and for any given values of the magnetic parameter ξ, the shear stress values are tabulated in Table 2 . Since m=1, this type is a particular case of stagnation flow. From this table, it is revealed that the skin friction values increase with the increasing values of ξ with uniform interval. The increasing of the magnetic parameter ξ, also increases the skin friction and heat transfer values. Table 4 for various values of Prandtl number, Eckert number and magnetic parameter ξ, for given m=0. From these tables the obtained results are well comparable with known results and the comparison shows in good agreement.
Skin friction values are presented graphically for various values of ξ and m in Fig. 1 . In this figure, the pressure gradient parameter m ranges from 0 to 9, and the magnetic parameter ξ ranges from 0 to 10. 
Conclusions
This study deals with the effects of transverse magnetic field, viscous dissipation, stress work, shear stress and surface heat transfer over a non-isothermal wedge. The governing partial differential equations are reduced to simple polynomial equations, the coefficients of which are functions of independent parameter P r, m, ξ and Ec. These equations offer a practising engineer, a rapid way of obtaining skin friction and heat transfer values for any values of P r, m, ξ, and Ec. The great advantage involved in the present technique is that the results are obtained with remarkable accuracy and the amount of calculation is considerably less when compared with more conventional exact methods. Hence the practising engineers and scientists can employ this unique approximate analytical method as a powerful tool for solving heat transfer and boundary layer flow problems. 
